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A new positivity condition for the curvature of
Hermitian manifolds
Freid Tong
Abstract
In this note, we introduce a new type of positivity condition for the curvature
of a Hermitian manifold, which generalizes the notion of nonnegative quadratic or-
thogonal bisectional curvature to the non-Ka¨hler case. We derive a Bochner formula
for closed (1, 1)-forms from which this condition appears naturally and prove that if
a Hermitian manifold satisfy our positivity condition, then any class α ∈ H1,1BC(X)
can be represented by a closed (1, 1)-form which is parallel with respect to the Bis-
mut connection. Lastly, we show that such a curvature positivity condition holds on
certain generalized Hopf manifolds and on certain Vaisman manifolds.
1 Introduction
A general principle in Ka¨hler geometry has been that positive curvature conditions impose
important geometric and topological constraints on the manifold. A manifestation of this is
the solution of the Frankel conjecture by Siu-Yau and Mori [23, 13], and its generalization
by Mok [11], which can be viewed as a uniformization theorem for Ka¨hler manifolds with
nonnegative bisectional curvature. In recent years, the study of non-Ka¨hler Hermitian
geometry has received a lot of attention, partly due to its connection with heterotic string
theory [4, 6, 7, 20, 21]. It is then natural to look for curvature positivity condition in
non-Ka¨hler geometry that can lead to significant geometric and topological consequences.
In one such direction, Ustinovskiy [27] proposes to study the uniformization of Hermitian
manifolds with nonnegative Griffith curvature by using a geometric flow preserving which
preserves the positivity of the Griffith curvature. As shown by Fei and Phong [5], the
Hermitian curvature flow which he identified as positive curvature preserving is precisely
the same as the flows motivated by string theory introduced in [21].
In this article, we introduce a new type of curvature positivity condition involving
a tensor Q, which is different than the Chern curvature. This tensor Q is less positive
than the Chern curvature, hence the corresponding positivity conditions formulated using
Q is generally stronger than the corresponding positivity of the Chern curvature. We
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prove a general Bochner-Kodaira type formula, in which this tensor appears naturally
and show that under a certain Q-nonnegativity condition, every class in α ∈ H1,1BC(X)
can be represented by a closed (1, 1)-form which is parallel with respect to the Bismut
connection. This can be seen as a generalization of a theorem by Howard-Smyth-Wu [10]
to the non-Ka¨hler setting. Perhaps surprisingly, Q also arises in several different contexts
in non-Ka¨hler geometry: on one hand, it can be interpreted as a combination of the form
∂∂¯ω with the (1, 1)-part of the curvature of the Bismut connection. On the other hand, it
acquires an additional symmetry on Vaisman manifolds. We discuss some corresponding
applications, which suggest that Q may be very useful for future investigations in non-
Ka¨hler geometry.
1.1 Background and conventions
Let (X, J, g) be a compact Hermitian manifold, then in local holomorphic coordinates, we
can write ω =
∑
i,j gij¯
√−1dzi ∧ dz¯j .
On the holomorphic tangent bundle, there is a natural connection called the Chern
connection, which in holomorphic coordinate is
∇iXj = ∂iXj + ΓjilX l (1)
∇i¯Xj = ∂i¯Xj (2)
where the connection coefficients are given by
Γjki = g
jm¯∂kgm¯i
The Torsion tensor of the Chern connection is T (X, Y ) = ∇XY − ∇YX − [X, Y ] and
it satisfies T (JX, Y ) = T (X, JY ). Hence the torsion has no (1, 1)-component, and it is
entirely determined by its (2, 0)-component. In local holomorphic coordinates, this is given
by
T kij = Γ
k
ij − Γkji
which is zero iff the metric is Ka¨hler.
The curvature of the Chern connection satisfies the symmetry
R(X, Y,W,Z) = R(JX, JY,W, Z) = R(X, Y, JW, JZ)
this implies the curvature has no (2, 0) or (0, 2) components and the entire curvature tensor
is determined by the (1, 1)-part, which in holomorphic coordinates is given by
R lij¯k = −∂j¯Γlik.
We remark that the Chern connection can be characterized as the unique connection such
that is Hermitian i.e ∇g = 0 and satisfy ∇0,1 = ∂¯T 1,0M where ∇0,1 is the (0, 1) part of the
connection and ∂¯T 1,0M is the d-bar operator on holomorphic vector bundles.
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1.2 Positivity condition
For this paper, we are interested in a 4-tensor Q, which is defined by the following
Qij¯kl¯ = Rij¯kl¯ − gpq¯Tkpj¯Tlqi¯ (3)
It turns out that this tensor naturally appears in a Bochner formula for closed (1, 1)-forms
and has a nice connection with the Bismut connection.
Remark 1.1. It is also worth noting that the contraction of Q in the first two coordinates
coincides with the evolution term in the pluriclosed flow defined by Streets and Tian in
[24], the same term also appears in the Anomaly flow in dimension three which is studied
by Phong, Picard, Zhang in [21].
We now state the positivity condition that we are interested in, this new positivity
condition is expressed in terms of the Q tensor.
Definition 1.1. We say (X, J, g) is Q-nonnegative if in any orthonormal frame (i.e where
gij¯ = δij) and for any list of real numbers λ1, . . . , λn, we have
n∑
k,m=1
Qmm¯kk¯(λ
2
k − λkλm) ≥ 0 (4)
Remark 1.2. If Q satisfies an additional symmetry Qij¯kl¯ = Qkl¯ij¯ , then this expression
simplifies
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n∑
k,m=1
Qmm¯kk¯(λ
2
k − λkλm) =
n∑
k,m=1
Qmm¯kk¯(λk − λm)2 (5)
This is the case when the metric is Ka¨hler, in that case Q = R and the condition reduces
to the nonnegative quadratic orthogonal bisectional curvature condition. (see [3])
Example 1.3. All Bismut-flat manifold are Q-nonnegative. Indeed, In it is shown in [31]
that these manifold have to be pluriclosed, and from the discussion in section 2, it follows
that on these manifolds, Q is equal to the curvature of the Bismut connection which is 0,
hence Bismut-flat manifolds are all Q-nonnegative. These manifolds has been classified in
[30], and their universal covers must a product of a compact semisimple Lie group with a
real vector space.
We will give several other examples where the positivity condition holds in Section 3.
Proposition 1.4. If a product of two Hermitian manifolds N ×M is Q-nonnegative, then
each factor N and M must be Q-nonnegative.
Proof. Denote the Hermitian metrics onM , N by gM and gN respectively. Pick holomorphic
coordinates z1, . . . , zn on N such that (gN)ij¯ = δij and w1, . . . , wm onM such that (gM)ij¯ =
δij , then in local coordinates, we have
RAB¯CD¯ = −∂A∂B¯gCD¯ +
∑
P
∂AgCP¯∂B¯gPD¯ (6)
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and
TABC¯ = ∂AgBC¯ − ∂BgAC¯ (7)
for A,B,C,D ∈ {z1, . . . , zn, w1, . . . , wm}. From these formulas it is easy to see that
QM×N = pi
⋆
1QM + pi
⋆
2QN where QM×N is the Q tensor of gM + gN on M × N and QM
and QN are the Q-tensors of gM and gN on M and N respectively. From this, the propo-
sition follows immediately.
We now state our main theorem regarding manifolds with Q-nonnegative Q tensors.
Our theorem implies that on a Q-nonnegative manifold, one can always solve the Poincare-
Lelong equation for a closed (1, 1)-form up to the addition of a Bismut parallel (1, 1)-form.
Theorem 1.5. Suppose (X, J, g) is a compact Hermitian manifold which is Q-nonnegative,
then any closed (1, 1)-form with constant trace is parallel with respect to the Bismut con-
nection. In particular, any class in the Bott-Chern cohomology H1,1BC(X) contains a repre-
sentative which is parallel respect to the Bismut connection.
Our theorem can be viewed as a non-Ka¨hler generalization of a theorem of Howard-
Smyth-Wu [10], which says for a compact Ka¨hler manifold with non-negative quadratic
orthogonal bisectional curvature, any class in H1,1(X) contains a parallel representative
given by the unique harmonic form in that class. This turned out to be a key ingredient of
the resolution of the generalized Frankel conjecture by Mok [11]. The key to the proof of
the theorem is a Bochner-Kodaira type identity for closed (1, 1)-form, which generalizes the
identity in [10]. In the Ka¨hler case, such an identity was also used by Mok-Siu-Yau [12] to
study the solution Poincare-Lelong equation in relation to the uniformization conjecture for
non-compact Ka¨hler manifolds. We refer the readers to [14, 15] and the references therein
for subsequent developments in that direction.
2 Q and the Bismut connection
On a Hermitian manifold, there is another canonical connection called the Bismut con-
nection, this is also sometimes called the Strominger connection or the Strominger-Bismut
connection in literature. This connection was first written down by physicists (see [26, 9])
and Bismut rediscovered and used it in [2] to prove an index formula for non-Ka¨hler mani-
folds. This connection has received a lot of attention recently because of its relation to the
study of non-Ka¨hler Calabi-Yau manifolds, and the Hull-Strominger system arising from
physics, see [6] and [22] where the Bismut connection is used in an crucial way. It is also a
natural connection to in the study of pluriclosed metrics via the geometric flow as defined
by Streets and Tian [24, 25].
Definition 2.1 (Bismut connection). The Bismut connection is the connection on T 1,0M
which in local holomorphic coordinates is given by
∇+i Xj = ∂iXj + ΓjliX l (8)
∇+
i¯
Xj = ∂i¯X
j + gjm¯Timl¯X
l (9)
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where Γjki = g
jm¯∂kgm¯i and Tjml¯ = ∂igml¯ − ∂mgil¯.
Remark 2.1. One can check that this connection respects both the metric and the complex
structure (i.e ∇+g = ∇+J = 0) and the corresponding Torsion tensor T+(X, Y, Z) =
g(∇+XY − ∇+YX − [X, Y ], Z) is skew-symmetric. These properties uniquely characterizes
the Bismut connection.
The curvature of the Bismut connection does not satisfy the same symmetries as the
curvature of the Chern connection. Thus in general, the curvature has a decomposition
into (2, 0), (1, 1) and (0, 2)-parts, and we compute the (1, 1)-part of the curvature of the
Bismut connection in terms of the curvature and torsion of the Chern connection.
Lemma 2.2. The (1, 1)-part of the curvature of the Bismut connection is given by
Bij¯kl¯ = Rkj¯il¯ − Rij¯kl¯ +Ril¯kj¯ − Tkiγ¯T γjl − gγκ¯Tiγl¯Tjκk¯ (10)
where B is the curvature of the Bismut connection and R is the curvature of the Chern
connection.
Proof. The connection coefficients of the Bismut connection is given by
Alik = Γlki
Alj¯k = glq¯Tjqk¯
and the (1, 1)-part of the curvature is given by
B kij¯m = ∂iAkj¯m − ∂j¯Akim +AkilAlj¯m −Akj¯lAlim (11)
= gkl¯∇iTjlm¯ +R kmj¯i − T kilAlj¯m +Akj¯lT lim (12)
= gkl¯Ril¯mj¯ − R kij¯m +R kmj¯i − gln¯T kilTjnm¯ + gkn¯Tjnl¯T lim (13)
(14)
lowering the last index gives the result.
Proposition 2.3. The following formula holds
Qij¯kl¯ = Bkl¯ij¯ + ∂l¯Tikj¯ − ∂j¯Tikl¯ (15)
where Bkl¯ij¯ is the (1, 1) part of the curvature of the Bismut connection.
proof of Proposition 2.3. In local coordinates where gij¯ = δij and ∂igkl¯ =
1
2
Tijl¯, we compute
∂l¯Tkij¯ − ∂j¯Tkil¯ = ∂l¯∂kgij¯ − ∂l¯∂igkj¯ − ∂k∂j¯gil¯ + ∂j¯∂igkl¯ (16)
= Ril¯kj¯ +Rkj¯il¯ − Rij¯kl¯ − Rkl¯ij¯ −
∑
γ
Tkiγ¯Tjlγ¯ (17)
= Bij¯kl¯ −Qkl¯ij¯ (18)
Remark 2.4. The extra term ∂l¯Tikj¯ − ∂j¯Tikl¯ is the components of the tensor ∂∂¯ω, and the
previous lemma implies that if ω is pluriclosed, then Q is simply the (1, 1) part of the
curvature of the Bismut connection.
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3 Q and a Bochner-Kodaira identity
In this section, we prove Theorem 1.5. The key is a Bochner-Kodaira type formula for
(1, 1)-forms, from which the tensor Q naturally emerges.
In the Ka¨hler case, this formula is well-known and is intimately related to the uni-
formization of manifolds with nonnegative bisectional curvature. It first appeared in [1],
and is used in [10] to deduce a splitting theorem for manifolds with nonnegative bisec-
tional curvature, which was one of the key imput in the solution of the generalized Frankel
conjecture by Mok [11].
Theorem 3.1. The following formula holds for ρ a real closed (1, 1)-form with gij¯ρij¯ =
const,
gij¯∂i∂j¯ |ρ|2 = 2|∇+ρ|2 + 2Qij¯kl¯(gij¯(ρ2)kl¯ − ρij¯ρkl¯) (19)
where Qij¯kl¯ = Rij¯kl¯ − gpq¯Tkpj¯Tlqi¯.
Proof. In local holomorphic coordinates, we have ρ = iρkj¯ dz
k ∧ dz¯j where ρkj¯ = ρjk¯. By
the closedness of ρ, we have
∇iρkj¯ = ∇kρij¯ + Tmki ρmj¯ (20)
and
∇j¯ρil¯ = ∇l¯ρij¯ + T nljρin¯ (21)
we compute
∇i∇j¯ρkl¯ = ∇i∇l¯ρkj¯ +∇i[Tmlj ρkm¯] (22)
= ∇l¯∇iρkj¯ + [∇i,∇l¯]ρkj¯ + Tmlj ∇iρkm¯ + [R mji¯l − R ml¯ij ]ρkm¯ (23)
= ∇l¯∇kρij¯ +∇l¯[Tmki ρmj¯ ] + [∇i,∇l¯]ρkj¯ + Tmlj ∇iρkm¯ + [R mji¯l − R ml¯ij ]ρkm¯ (24)
= ∇l¯∇kρij¯ + Tmki∇l¯ρmj¯ + Tmlj ∇iρkm¯ + [R mil¯k −R mkl¯i ]ρmj¯ + [R mji¯l −R ml¯ij ]ρkm¯ (25)
− R mil¯k ρmj¯ +R n¯il¯ j¯ρkn¯ (26)
= ∇l¯∇kρij¯ + Tmki∇l¯ρmj¯ + Tmlj ∇iρkm¯ −R mkl¯i ρmj¯ +R m¯ij¯ l¯ρkm¯ (27)
differentiating |ρ|2 once, we get
∂j¯ |ρ|2 = ∇j¯(gpq¯gkl¯ρkq¯ρpl¯) = gpq¯gkl¯(∇j¯ρkq¯ρpl¯ +∇j¯ρpl¯ρkq¯) = 2gpq¯gkl¯∇j¯ρkq¯ρpl¯ (28)
taking the divergence and using our previous calculation for ∇i∇j¯ρkq¯ gives
∆|ρ|2 = 2|∇ρ|2 + 2gpq¯gkl¯gij¯∇i∇j¯ρkq¯ρpl¯ (29)
= 2|∇ρ|2 + 2〈∂∂¯trρ, ρ〉+ 2gpq¯gkl¯[gij¯(Tmki∇q¯ρmj¯ + Tmqj∇iρkm¯)]ρpl¯ (30)
+ 2gkl¯tr12(R)
m¯pρkm¯ρpl¯ − 2Rl¯pj¯mρmj¯ρpl¯ (31)
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We now specialize to a coordinate system where gij¯ = δij¯ and ρij¯ = λiδij¯, and use the
assumption gij¯ρij¯ = const,
∆|ρ|2 = 2|∇iρ|2 +
∑
(· · · ) + 2
n∑
k,m=1
Rmm¯kk¯(λ
2
k − λkλm) (32)
where
∑
(· · · ) = 2
n∑
k,m,i=1
[Tkim¯∇k¯ρmi¯ + Tkim¯∇iρkm¯]λk (33)
= 2
n∑
i,k,m=1
[Tkim¯∇k¯ρmi¯ + Tkim¯∇kρim¯]λk + 2
n∑
i,k,m=1
Tkim¯Tkim¯λmλk (34)
we can complete the square for the gradient term and we get
∆|ρ|2 = 2
n∑
i,k,m=1
|∇kρim¯ + Tkim¯λk|2 + 2
n∑
i,k,m=1
|Tkim¯|2λmλk (35)
− 2
n∑
k,i,m=1
|Tkim¯|2λ2k + 2
n∑
k,m=1
(Rmm¯kk¯(λ
2
k − λkλm)) (36)
= 2
n∑
i,k,m=1
|∇kρim¯ + Tkim¯λk|2 − 2
n∑
k,m=1
(
Rmm¯kk¯ −
n∑
i=1
Tkim¯Tkim¯
)
λkλm (37)
+ 2
n∑
k,m=1
(
Rmm¯kk¯ −
n∑
i=1
Tkim¯Tkim¯
)
λ2k (38)
= 2
n∑
i,k,m=1
|∂iρkm¯ − Γkim¯λm − Tikm¯λk|2 + 2
n∑
k,m=1
(
Rmm¯kk¯ −
n∑
i=1
Tkim¯Tkim¯
)
(λ2k − λkλm)
(39)
= 2|∇+ρ|2 + 2
n∑
k,m=1
Qmm¯kk¯(λ
2
k − λkλm) (40)
where Qij¯kl¯ = Rij¯kl¯ − gpq¯Tkpj¯Tlqi¯.
Corollary 3.2. Suppose (X, J, g) is Q-nonnegative, then any closed real (1, 1)-form ρ with
constant trace is parallel with respect to the Bismut connection. Moreover, T (X, Y, Z¯) = 0
if X, Y, Z¯ are in different eigenspaces of ρ corresponding to eigenvalues λX , λY , λZ and
λX + λY − λZ 6= 0.
Proof. If (M,J, g) is Q-nonegative, then we have
∆|ρ|2 ≥ 2|∇+ρ|2 ≥ 0
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and by the maximum principle, we must have |ρ|2 = const which implies ∆|ρ|2 = 0 so the
right hand side of equation 19 must be identically 0, hence we have ∇+ρ = 0. If we work
in coordinates where gij¯ = δij and ρij¯ = λiδij , then ∇+ρ = 0 and ρ being closed implies
that
Tkim¯(λk + λi − λm) = 0 (41)
from which the second part of the proposition follows.
Proof of Theorem 1.5. The first statement follows by Corollary 3.2, we will prove the sec-
ond statement that every class in H1,1BC(X) contains a Bismut parallel representative. Recall
that
H1,1BC(X) :=
{α ∈ Ω1,1|dα = 0}
i∂∂¯C∞(X,C)
,
hence this statement amounts to showing that for any closed (1, 1)-form α, there exist a
smooth function u such that ∇+(α + i∂∂¯u) = 0. Let α be a real closed (1, 1)-form. In [8],
Gauduchon proved that every Hermitian metric is conformally equivalent to a Gauduchon
metric, so let ωˆ = efω be a Gauduchon metric in the conformal class of ω. By the
Gauduchon property, we know the equation i∂∂¯u∧ωˆn−1 = fωˆn has a solution iff ∫
X
fωˆn = 0.
Let u solve the equation
n
√−1∂∂¯u ∧ ωˆn−1
ωˆn
= trωˆα + ce
−f (42)
where c is the constant given by
c = −
∫
X
(trωˆα)ωˆ∫
X
e−f ωˆn
Setting ρ = α − √−1∂∂¯u, then dρ = 0 and trωρ = trωα − ∆ωu = c, hence by Corollary
3.2, we have ∇+ρ = 0. If α is not real then we can write α = u+ iv where u, v are the real
and imaginary parts of α, then u, v are both real closed (1, 1) forms and we can apply the
above argument to both u and v.
Corollary 3.3. If (X, J, g) is non-Ka¨hler, Q-nonnegative and H1,1BC 6= 0. Then the holon-
omy of ∇+ is contained in a subspace U(m)× U(n−m) ⊂ U(n).
Proof. Since H1,1BC 6= 0, by Theorem 1.5, there exist a class 0 6= [ρ] ∈ H1,1BC containing a
Bismut flat representative ρ, and furthermore, since X is non-Ka¨hler, ρ is not a multiple
of g. Hence if λ1, . . . , λn are the eigenvalues of ρ with respect to g, then there exist at
least two distinct eigenvalues, and since both g and ρ is flat with respect to the Bismut
connection, it follows that the eigenspaces of ρ are invariant under the holonomy ∇+, and
we have our result.
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4 Q and Vaisman manifolds
In this section, we study this positivity condition on a class of Locally conformally Ka¨hler
manifolds called Vaisman manifolds. These manifolds were first introduced by Vaisman [28]
as an important class of complex non-Ka¨hler manifold which he called generalized Hopf
manifolds. By [17], these manifolds can be viewed as a Sasakian manifolds equipped with
a Sasakian automorphism. For more on these manifolds, we refer the reader to [17] and
the references therein.
Definition 4.1. (1) A compact Hermitian manifold (M,J, g) is called locally conformally
Ka¨hler if there exist an closed form θ such that
dω = θ ∧ ω (43)
The 1-form θ is called the Lee form.
(2) A locally conformally Ka¨hler manifold is a Vaisman manifold if ∇LCθ = 0, where
∇LC is the Levi-Civita connection of (M,J, g).
Remark 4.1. A locally conformally Ka¨hler metric can always locally be written as a Ka¨hler
metric times a conformal factor, and the coverse is clearly true as well. Indeed, since the
Lee form θ is closed, by the Poincare lemma, it is locally exact, hence locally, we can
always write θ = −df for some locally defined functin f , then efω is a Ka¨hler metric since
d(efω) = efdf ∧ ω + efdω = ef(θ + df) ∧ ω = 0. Globally, any LCK manifold admits a
Ka¨hler covering. Indeed, on any cover pi : M˜ → M such that H1(M˜,R) = 0, the Lee
form on the cover pi⋆θ is globally exact, and the same argument says that pi⋆ω is globally
conformal to a Ka¨hler metric.
From this discussion, we see that a locally conformally Ka¨hler metric can locally be
described by two functions, a Ka¨hler potential for the Ka¨hler metric ϕ and a conformal
factor ef . On a Vaisman manifolds, if θ is exact and θ = −df , then in [29] Verbitsky showed
that the metric ω can be expressed by e−f i∂∂¯ef . Hence up to a cover, a Vaisman metric
can be described by the data of a single potential function ϕ and the metric is given by
ω = ϕ−1i∂∂¯ϕ. Motivated by this, Ornea and Verbitsky introduced a more general class of
metrics called LCK metrics with potential in [18].
Definition 4.2. A locally conformally Ka¨hler manifold (M,J, g) has a potential if it has
a Ka¨hler covering pi : M˜ → M with a global positive Ka¨hler potential ϕ ∈ C∞>0(M˜) such
that ϕ−1i∂∂¯ϕ = cpi⋆ω for some constant c.
It turns out that on this class of manifolds, the Q-tensor enjoys an extra symmetry that
the Chern curvature does not have.
Proposition 4.2. Suppose a Hermitian manifold (M,J, g) is an LCK manifold with po-
tential, then Q has the additional symmetry Qij¯kl¯ = Qkl¯ij¯.
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To prove this, first we need to compute the change of the Q tensor under a conformal
change
Lemma 4.3. If g is a Ka¨hler metric and g˜ = efg, then we have
Q˜ij¯kl¯ = e
f
[
Rij¯kl¯ − gkl¯fij¯ − fkfl¯gij¯ − |∂f |2gkj¯gil¯ + fkfj¯gil¯ + fifl¯gkj¯
]
(44)
Proof. By straightforward computation, we have
Γ˜kij = g˜
kl¯∂ig˜jl¯ = e
fgkl¯∂i(e
fgjl¯) = Γ
k
ij + fiδ
k
j
since we assumed g is Ka¨hler, we have Γkij = Γ
k
ji, so
T˜ kij = fiδ
k
j − fjδki =⇒ T˜ijk¯ = ef(figjk¯ − fjgik¯)
and
R˜ mij¯k = −∂j¯ Γ˜mik = −∂j¯(Γmik + fiδmk ) = R mij¯k − fij¯δmk
loweing indices gives
R˜ij¯kl¯ = e
f (Rij¯kl¯ − fij¯gkl¯)
substituting into the formula Q˜ij¯kl¯ = R˜ij¯kl¯ − g˜pq¯T˜kpj¯T˜ lqi¯ the result.
proof of Proposition 4.2. Suppose g satisfies g = cϕ−1ddcϕ, then by Lemma 4.3 with g =
i∂∂¯ϕ and f = − logϕ+ log c, we get that Q is given by
Qij¯kl¯ = cϕ
−1
[
Ri∂∂¯ϕ
ij¯kl¯
+
ϕkl¯ϕij¯
ϕ
− ϕkl¯ϕiϕj¯
ϕ2
− ϕij¯ϕkϕl¯
ϕ2
− |∂ logϕ|2i∂∂¯ϕϕkj¯ϕil¯ +
ϕil¯ϕkϕj¯
ϕ2
+
ϕkj¯ϕiϕl¯
ϕ2
]
(45)
from which we can read off the symmetry Qij¯kl¯ = Qkl¯ij¯ .
The following structure theorem for Vaisman manifolds was proved in [17].
Theorem 4.4 ([17], Structure Theorem). If (X, J, g) is a Vaisman manifold, then there is
an infinite cyclic cover pi : X˜ → X such that X˜ is a Ka¨hler cone C(Y ) over a Sasakian
manifold Y , and
pi⋆ω = c
i∂∂¯r2
r2
(46)
where r is the radius function of the cone. Moreover, on X˜, if we use the coordinates
(x, r) where x is a point on the link Y and r is the radial coordinates, then the deck
transformations of pi are generated by a map of the form (x, r) 7→ (ϕ(x), tr) for some t > 1
and ϕ a Sasakian automorphism of Y .
This shows implies that on a Vaisman manifold, the Ka¨hler cover with global Ka¨hler
potential is always a Ka¨hler cone, and the potential is given by the squre of the radial
function ϕ = r2. This means that on a Vaisman manifold, we have |∂ logϕ|2
ϕ−1i∂∂¯ϕ
= 1. We
remark that this identity is not always true on a LCK manifold with potential and actually
characterizes Vaisman manifolds amongst the LCK manifolds with potential [19, Corollary
2.4].
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Theorem 4.5. A Vaisman manifold (M,J, g) is Q-nonnegative if the corresponding Ka¨hler
metric ω˜ on its Ka¨hler cyclic cover has nonnegative quadratic orthogonal bisectional cur-
vature.
Proof. Suppose M is a Vaisman manifold and M˜ → M be a Ka¨hler cyclic cover with
nonnegative quadratic orthogonal bisectional curvature. Since Vaiman manifolds are LCK
with potential, by Proposition 4.2, we know that on a Vaisman manifiold Q satisfy the
symmetry Qij¯kl¯ = Qkl¯ij¯ . Moreover, in normal coordinates for i∂∂¯ϕ, i.e where ϕij¯ = δij¯, and
for m 6= k, equation 45 reduces to
Qmm¯kk¯ = cϕ
−1
[
Ri∂∂¯ϕ
mm¯kk¯
+
1
ϕ
− ϕkϕk¯ + ϕmϕm¯
ϕ2
]
(47)
≥ cϕ−1
[
Ri∂∂¯ϕ
mm¯kk¯
+
1− |∂ logϕ|2
ϕ−1i∂∂¯ϕ
ϕ
]
(48)
and by the Vaisman condition, we have |∂ logϕ|2
ϕ−1i∂∂¯ϕ
= 1. So in the those coordinates,
for any λ1, . . . , λn, we get∑
m,k
Qmm¯kk¯(λm − λk)2 ≥ cϕ−1
∑
m,k
Ri∂∂¯ϕ
mm¯kk¯
(λm − λk)2 ≥ 0
Example 4.6. A diagonal Hopf surface is one which can be written as Mα,β = C
2 \ (0, 0)/ ∼
where (z1, z2) ∼ (αz1, βz2) for |α| = |β| < 1. These manifold are diffeomorphic to S3 × S1
and are non-Ka¨hler as b1 = 1. They also admit a Vaisman metric given explicitly by
ωMα,β =
4
√−1∂∂¯|z|2
|z|2 (49)
this metric is Q-nonegative by Proposition 4.5. In fact this metric is pluriclosed and Q is
identically Q. One can check that h1,1BC = 1. Thus Theorem 1.5 implies there exist a Bismut
parallel (1, 1)-form ρ, the two eigenspaces of this form are then Bismut parallel subspaces
of T 1,0, hence this gives a splitting of the holomorphic tangent bundle with respect to
the Bismut connection. We remark that that Gauduchon and Ornea constructed Vaisman
metrics on all class 1 Hopf surfaces in [16], however the Vaiman metrics on the non-diagonal
Hopf surfaces are not Q-nonnegative. It would be interesting to know if the non-diagonal
Hopf surfaces admit other metrics that are Q-nonnegative.
Example 4.7. A above construction of a diagonal Hopf surface can be generalized to higher
dimensions. Define Mα = C
n \ (0, . . . , 0)/ ∼ where α = (α1, . . . , αn) satisfy |α1| = · · · =
|αn| < 1 and (z1, . . . , zn) ∼ (α1z1, . . . , αnzn), then
ωMα =
4
√−1∂∂¯|z|2
|z|2 (50)
is still Q-nonnegative by Proposition 4.5. In the higher dimensional case, the metrics are
no longer pluriclosed and Q does not vanish identically.
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